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This revort is a summary of research in the teaching
of mathematics as reported to the U.S. Office of Education for the
vears 1959 and 1960. This analvsis of research in mathematics
education is designed to help both research workers and classroom
teachers imorove mathematics instruction. One hundred and five
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Highlights

In addition to the group activities in mathematics education
sponsored by national organizations and Federal agencies,
many individuals are contributing to the solutions of the prob-
lems in this ares.

For the calendar years 1959 and 1960 the highlights of the /
research of these individuals may be gr ouped al ound such ques-
tions as the following: o

(1)

+ How helpful is the grouping of chlldlen for instruction’

v What factors seem to be related to success in problem
solving ?

+ What relations: 'p exists between understanding various
systems of numeration and understanding our conventional
decimal system?

+ What do studies on the evalustion of new curriculums

show? .
+ What are the comparative merits of different pedagcgical a
techniques in teaching mathematics? ;
+ What are the psychological factors in learning mathe- :
matics?
+ Whai topics are suitable for enrichment of the niathematics
curriculum ¢

4+ What should be the nature of the freshman mathematics
course for the general college student ?

+ What are the resulis of using television in the teaching of
mathematics?

+ How serious is the shortage of college teachers of
mathematics?
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Foreword

HE TECHNICAL ADVANCEMENT of the space age
has increased the need for high-quality scientists, engi-
neers, and technicians. Helping to meet this need for high-
quality scientific personnel falls heavily upon the Nation’s
schools. Research can affect the quality of the product of
the schools only to the extent the findings are made known to
those responsible for the education of the youth of our Nation.
This study makes available the findings of the research in
the teaching of mathematics reported to the U.S. Office of
Education during the calendar years 1959 and 1960.

To assist in disseminating the findings of research on the
teaching of mathematics, the U.S. Office of Education in
cooperation with the National Council of Teachers of Mathe-
matics prepared summaries of research in mathematics edu-
cation in 1952 (Circular No. 377) and in 1954 (Circular No.
377-1I). As a result of the suggestions from readers of the
research summaries, these organizations cooperated further
by including an analysis as well as a summary of the research
for the two periods 1955-56 and 1957-58. The current study
is a continuation of this cooperative effort. It is hoped that
this summary analysis of research in mathematics education
for the calendar years 1959 and 1960 will be helpful to both
research workers and classroom teachers in improving math-
ematics instruction.

Appreciation is expressed to the deans of graduate schools
and to research workers in mathematics education for readily
supplying the data on which the study is based. The Office
of Education is grateful to the Research Committee of the
National Council of Teachers of Mathematics for its coopera-
tion in preparing the report.

J. Dan HuLw, Director, Eric R. Baseg,
Instructional Programs Assistant Commissioner,
Branch Division of Elementary and
Secondary Education
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ANALYSIS OF RESEARCH
IN THE
TEACHING OF MATHEMATICS

Introduction

O SECURE the data for this study the U.S. Office of Education,

with the aid of the Research Committee of the National Council

of Teachers of Mathematics, sent a questionnaire to 454 colleges that

offered graduate work in mathematics education, or whose staffs or
students had made previous contributions in that area.

Data were received from 247 colleges or research workers. In many
cases the questionnaire was not only completely filled out, but an
abstract of the reported study was attached. In other cases, the ques-
tionnaire was returned with the notation that no such research had
been done, but a copy of the published report was desired.

Of the 247 colleges that returned the questionnaire, 46 reported
research in the teaching of mathematics. The committee carefully
studied the 137 reported research studies and selected 105 of them for
inclusion in this analysis. The selected studies consisted of 40 doc-
toral dissertations, 49 master’s theses, and 16 nondegree studies. A
summary of each is included in the appendix.

If the studies were classified by major emphasis, methods would
rank first. However, in such a classification there would be consider-
able duplication because many studies were concerned with both
method and content.

Other studies were primarily concerned with evaluation, yet in-
cluded a consideration of method or content. Studies of international
mathematics education were based on the study of content. Although
the major themes of many studies seemed to emphasize such aspects
as methods, content, teacher education, evaluation, survey, psychology
of learning mathematics, or the history of certain topics or tech-
niques, a discrete classification by such categories was not possible.

Therefore, instead of attempting to classify the research on the basis
of the major emphasis of each study, this study is organized according

1




2 ANALYSIS OF RESEARCH 1959 AND 1960

to pertinent questions in mathematics education. For the conven-
ience of the reader, these questions and analyses are grouped under
three headings: Research in the Teaching of Elementary School
Mathematics, Research in the Teaching of High School Mathematics,
and Research in the Teaching of College Mathematics. 1t will be
observed that there is considerable overlapping even in these broad
categories.

The research concerned with the elementary level contained 31
' studies; the high school level, 45; and the college level, 29.. The
| names and numbers in parentheses in the following analysis denote the
investigator and the number of his study as summarized in the
appendix.




Research in the Teaching of Elementary
School Mathematics

RESEARCH IN THE TEACHING of elementary school mathe-
matics during 1959-60 dealt chiefly with problem solving,
grouping for instruction, enrichment for more capable learners, multi-
sensory aids, alternative methods for teaching certain topics, and vari-
ous status studies. Other areas of interest received isolated scattered
attention, as seen in the questions and answers which follow.

What factors seem to be related to success in problem solving?

Factorial studies of the problems-solving ability of fifth-grade boys
(Sr. Emm—30) and fifth-grade girls( McTaggert—66) revealed two
primary factors common for both boys and girls—a verbal-cognitive
factor and an arithmetic factor—with a third primary factor differing
for boys (a spatial factor) and girls (an approach-to-problem-solving
factor). Another investigator found that among fourth-grade pupils
intelligence was not a major factor in relation to problem-solving abil-
ity, and that comprehensive reading skill was more highly related
to problem-solving ability than was word concept skill (Sanderlin—
81). One investigator developed a specific problem-solving program
for sixth-grade pupils and found it to be no more or less effective than
the procedures suggested by the authors of a basic textbook series
(Faulk—34). A cooperative “action research” study sought to deter-
mine ways to improve pupils’ problem-solving ability (Sisters of
Mercy—85).

How helpful is the grouping of children for instruction?

One investigator found no significant difference in achievement
among second-grade pupils when two types of grouping for instruc-
tion were compared : intraclass grouping and whole-class instruction
(Pressler—176). On the basis of informal observation, another inves-
tigator suggested that two or three groups were most desirable at the
fourth-grade level. (Luetge—57). Ina different kind of investigation
involving seventh-grade pupils, no significant difference in the emer-
gence of creative intellectual behavior in mathematics was found
between pupils working in groups and those working as individuals
(Spraker—89).

675708 0—63———2 3




4 ANALYSIS OF RESEARCH 1959 AND 1960

VW hat enrichment activities are worthy of use?

Historical number stories were suggested for use in the intermediate
grades (Kreitz—52). Another investigator compiled - iist of sunitable
activities and materials for use at the second-grade level {Ander-
son—3).

What multisensory aids are suggested as helpful?

A compilation of multisensory aids for use in the intermediate
grades was prepared by one investigator (Drisdale—27). Another
investigator found that the use of prearranged multisensory materials
in the teaching of measurement units at the fifth- and sixth-grade
levels produced no significant advantage in relation to quantitative
understanding, computational skill, and attitude toward school sub-
jects (Mott—68).

What do analyses of textbooks reveal?

One investigator found that in connection with the program for
teaching basic addition and subtraction facts in the first and second
grades, the State-approved textbooks differed among themselves as
to scope, organization, and presentation of facts included (Wade—99).
Another investigator found that for texts for grades 3 to 6 published
between 1920 and 1960, many changes during this 40-year period were
in harmony with research findings relative to the teaching of problem
solving and computational skills, but that numerous recommenda-
tions stemming from r search had not been utilized in the develop-
ment of textbook materials (Singer—84). One investigator devel-
oped criteria and procedures for textbook evaluation (Story—92). In
a somewhat different. vein, an analysis of the first-grade texts and pro-
fessional writings of five “arithmetic specialists” revealed that each
holds similar ideas regarding the nature of first-grade arithmetic, but
there is a great difference in content and method (Sr. Ryan—79).

What factors are related to the understanding of basic mathematical
principles?

Based on students in grades 8 to 12 and in a teacker education pro-
gram, age and student teaching experience were found not to add to
the understanding of basic mathematical principles, but the factors
of teaching experience, level of academic preparation, and number of
semesters of high school mathematics were related positively t the
understanding of basic mathematical principles (Stoneking—91). In
another investigation, it was suggested that because of psychological
factors involved in teaching mathematics in grades K to 8, number
cannot be made rigorously logical; mastering the number concept
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requires that the student develop a sense of structure and an ability
to make generalizations (Blacka—10).

What are the effects of different schedules of reinforcement upon the
learning of arithmetic?

At the fifth-grade level, it was found that arithmetic materials
learned under a schedule of reinforcement are retained longer than
similar material under a schedule of nonreinforcement or a schedule
of reinforcement which follows nonreinforcement (Davis—24).

What are the relative merits of different methods of estimating quotient
figures when dividing by two-figure divisors?

Of the familiar methods of estimation taught at the fifth-grade lev-
el, the “two-rule method” appeared to be least advantageous; also
pointed to evidence that pupils may not actually use the method they
were “taught” (Carter—20).

Do children taught division of fractions by the inversion method retain
more, or less skill than those taught by the common denominator method?
No significant difference in retention was found for pupils tested

at the end of grade 6 and again at the beginning of grade 7 (Ste-
phens—90 and Dutton—29).

Is the “ratio method” or the “conventional method” of teaching percent
to be preferred?

At the seventh-grade level there appeared to be no difference
between methods in developing ability to interpret statements about
percent, but the ratio method resulted in greater and more permanent
skill; however, neither method was judged successful with pupils of
low mental ability (McMahon—65).

What are the current attitudes toward arithmetic on the part of children
and teachers?

At the third-, fourth-, and sixth-grade levels it was found that a
very large proportion of both boys and girls liked arithmetic and felt
it is useful (at all three levels, girls liked arithmetic better than boys) ;
also, the majority of teachers sampled definitely enjoyed teaching
arithmetic (Stright—93).

How do high and low arithmetic achievers among underage and normal-
age children compare in personal and social adjustments?

At the second-grade level it was found that high arithmetic achieve-
ment was associated with high ratings on the personality instrument,
but that differences between normal-age and underage pupils and
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between boys and girls tended to be only chance differences (Ander-
son—>51).

What relationship exists between understanding various systems of nu-
meration and understanding our conventional decimal system?

At the seventh-grade level a statistically significant correlation of
0.67 was found between test =cores dealing with nondecimai numera-
tion systems and those dealing with our conventional decimal system
(Albanese—1).

The following status and related studies were reported and are
listed here only by topic investigated :

1. A comparison of the teaching of arithmetic in the elementary

schools of the United States and New Zealand (Dun-
can—28).

2. A survey of arithmetic teaching practices in Tennessec,
grades 1 to 8 (Johnston—45).

3. A diagnostic study of the understandings of concepts in
mathematics by 33 fifth-grade pupils (Bruce—15).

4. A study of the major causes of arithmetic difficulties among
35 seventh-grade pupils (Lindsey—54).

5. Identification of individual differences in arithinetic at ilities
among three fourth-grade classes (Wallace—100).

6. A study of children's. arning to write the 10 basic numerals
(Downs—26).




Research in the Teaching of
High School Mathematics

ANY OF THE FACETS and points of view of the new cur-
riculums for the high school which have developed i the last
few years are being tested experimentally and evaluated. Studies
reflecting current interest in high-ability students are also in evidence.
These and other studies are briefly reviewed in connection with 10

major questions which follow.

Whatdostudisontheevaluationofnewcmriculumsshow?

A large-scale study (Payette—72) showed that students exposed
to conventional mathematics have neither a pronounced nor a con-
sistent advantage over students exposed to School Mathematics Study
Group mathematics with respect to the learning of traditional mathe-

~

matical skills. Students exposed to SMSG instruction acquire pro-
nounced and consistent extensions of developed mathematical ability
beyo:ad that developed by students exposed to conventional mathe-
matics instruction. There is positive evidence to suggest that students
at all academic ab "ty levels as measured by School and College Abili-
ty Test can learn considerable segments of School Mathematics Study
Group materials.

In another study (Malan—59) students studying a modern ninth-
grado program achieved significantly higher on the Lankton Algebra
Test than students studying traditional materials.

In a third study (Hamilton—39) students in contemporary sec-
tions of algebra I were found to have more enthusiasm than students
in traditional sections with no loss of achievement on traditional

ms:terials.

What are the comparative merits of different pedagogical techniques in
teaching mathematics?

The inductive method of teaching was compared with the deductive
method in ninth-grade general mathematics (Thompson—95).
Although the before and after tests used were too dissimilar for sig-
nificant comparison, it was observed that weekly recitations and week-
ly test performances were better during the semester when the induc-
tive method was used.

7




8 ANALYSIS OF RESEARCH 1959 AND 1960

The spiral or functional method of teaching was compared with
the traditional method in ninth-grade general mathematics classes
and algebra classes (Woodbury—103). General mathematics achieve-
ment is greater for the spiral method, while algebra achievement is
greater for the traditional method. Positive responses toward math-
ematics was greater in both algebra and general mathematics classes
when taught by the traditional method.

The experimental method of teaching computations with signed
numbers in which pupils were enabled to formulate their own rules
was compared with the traditional method of teaching with a stand-
ard textbook (Zahnke—104). Comparisons of matched groups in-
dicated no significant difference, but the students in the experimental
classes were more enthusiastic about their homework.

A method of teaching the three cases of percentage in which em-
phasis was placed on an understanding of the three types and their
interrelationships was compared with the usual textbook method
(Tredway—97). The experimental method provided significantly
better learning and superior retention for pupils of average intelli-
gence. It was found that 20 days was adequate time for teaching
percentage when the experimental method was used.

The effectiveness of a team of two teachers and a secretary teach-
ing large algebra classes of 107, 192, and 192 students was compared
with that of a single teacher with algebra classes averaging 34 stu-
dents (Engstrom—32). The top and bottom 20 percent in the large
groups achieved as much, if not more, than the equivalent groups
in the small classes, more individual help was given in the large
classes, superior and poor students received more special instruction
in the large classes, discipline was better in the larger groups, and
there was more competition among top students in the larger classes.

The effects of a remedial program on the mathematical disabilities
of junior high students was studied (Cahoon—17). Significant
gains warranted the recommendation of a remedial instruction
program, but this should be longer than 10 weeks.

What are the psychological factors in learning mathematics?

Mental age was found to be a stronger factor than algebra apti-
tude or grade level in influencing the learning of the concepts and
fundamental skills in handling signed numbers (Zelechoski—105).

Eighth- and ninth-grade students with high mathematical apti-
tude were paired in order to compare their capacity to achieve in a
traditional algebra course (Cornum—22). It was found that the
eighth-grade students had as much capacity as the ninth-grade
students in learning algebra.
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A study comparing boys and girls (Dirr—25) found that boys
and girls are equal in algebraic and geometric vocabulary, while
the boys are superior in geometric computation and the girls in
algebraic computation.

Another study compared boys’ and girls’ factor patterns through
an investigation of the domain of an elementary algebra test. A
comparison of the factor patterns in this study indicates that boys
and girls, even when equally matched for achievement in algebra,
use their abilities in different. ways in algebraic computation. Boys
tend to solve algebraic problems through a recognition of broad
relationships among content areas; girls tend to keep content areas
relatively separate and to see detailed relationships among the
elements of a given area.

What are the results of studies of high-ability students in mathematics?

The relation of personality factors to success in mathematics was
investigated (Kochnower—51). The mathematically inclined male
emerged as a sensitive, insecure, introspective individual who tends
to avoid group activities. He clings to his own convictions, refusing
to subordinate them to common group standards. In the female,
there was no evidence relating personality to achievement in
mathematics.

The reasons for success and failure in mathematics of high-ability
students was investigated (Mamary—61). The successful students had
regular study hours, studied without radio or TV, had chores to do
at home, found mathematics useful, had parents who were good in
mathematics, did not expect better grades in other courses, had
elementary school teachers who enjoyed arithmetic, and did not get
behind in their work. Unsuccessful students felt they would have
done better in a slower moving group and thought their teachers
taught only to a top few. Successful students did not try to relatc
mathematics to everything, thought that insight intc mathematics
was an important reason for success, that to be successful one should
not memorize it, and that one had to work hard to succeed.

What are the results of attempts to include new topics in the mathematics
curriculum?

A unit on inequalities was developed and taught to a high school
geometry class (Anderson—4). The students strengthened their
ability to work with equalities and were more able to make generali-
zations not limited to equalities. The concept of inequalities was
successfully introduced in a high school class.

A 6-week course incorporating aspects of linear program with
traditional ninth-grade algebra was taught and evaluated (Cotter—
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23). The group displayed interest and enthusiasm. Almost every
student was able to contribute to the applications. Questions about
proof, postulates, and theorems arose naturally. Most of the group
finished the final test problem.

A unit on probability and statistics for high school seniors was
prepared and taught, and the relationship between certain factors
and achievement in the unit was analyzed (McKinley—64). The
students showed a significant gain in achievement during the study,
that of the college preparatory students being the greatest.

A unit on dimensional analysis was developed and taught to an
experimental high school class (Saar—80). Tests before and after
the unit showed that high school students in mathematics and physics
have slight. knowledge of dinensional analysis but that elementary
aspects of the topic can be taught with understanding at their level.

A 4-weex unit on quadratic functions was constructed, taught,
and evaluated in a ninth-grade algebra class (Paige—70). The
experimental class was matched with a control group on the basis
of mathematical achievement. Statistically significant differences in
favor of the experimental class were obtained. Tabulated obse” - ed
reactions favored the experimental group cn a number of points.

What are the attitudes of mathematics teachers toward the inclusion of
certain advanced top:cs in the mathematics curriculum?

Teachers were favorable to the inclusion of analytic geometry,
calculus and statistics, but their attitudes did not show a high rela-
tionship with such factors as feelings of competency, credits in mathe-
matics, experience, and size of school (Spillane—88).

What topics are suitable for enrichment of the mathematics curriculum?

Fourteen major understandings associated with probable inference
and 26 major understandings associated with necessary inference were
developed (Smith—87) with specific suggestions for inclusion in arith-
metic, algebra, geometry, and trigonometry.

Episodes in the development of pi can be developed into a number
of worthwhile and interesting units for junior and senior high school
students (Schaffner—82).

Materials in non-Euclidean geometry, projective geometry, and
topology were prepared as a set of 30 enrichment lessons, presented
informally and the effectiveness of the presentation evaluated
(Smart—86). The papers on these topics written by the 44 students
in the study showed a mastery on the average of 28 of the 37 major
points upon which they were graded.

N T O I




THE TEACHING OF MATHEMATICS 11

Such topics as geometrical transformations, geometry of circles,
items related to the Pythagorean theorem, homothetic figures, and
trisection problems were used by one researcher (Hanson—41).

What are the findings of certain surveys of secondary mathematics edu-
cation in the Uaited States?

One survey (Baker—8) showed that there were special mathematics
programs for superior seventh- and eighth-grade pupils in 17.6 per-
cent of Michigan junior high schools. In the seventh grade, one-third
were enrichment, one-third were acceleration, and one-third were both
enrichment and acceleration. More teachers than pupils regarded the
subject matter of the special courses as more difficult.

The status of the mathematics program for above-average students
in 56 New Jersey junior high schools in the spring of 1960 was sur-
veyed (Maccia—58). Of the nine schools having over 1,000 students,
all had either acceleration or enrichment programs. All 11 schools
with neither acceleration nor enrichment had fewer than 1,000 pupils.
A total of 12 schools had only acceleration, 19 had only enrichment,
while 14 had both.

Trends in secondary school mathematics in New Jersey were sur-
veyed by a seminar at Trenton State College (Hansdoerffer—40). Of
200 schools contacted, 58 responded, all of which indicated that they
were offering contemporary mathematics to their students.

The trends in secondary school mathematics education from 1955 to
1960 were studied (Kelley—48). The trends revealed a broader sense
of mathematical values and more stress on mathematics as such and
less on consumer mathematics. There has not been the fundamental
change in mathematics that publicity about the major curricular
reports seem to indicate. The 12th-grade courses presented ccnsid-
erable divergence.

The status of mathematics teachers in Kansas high schools was
investigated ((lark—21). One-half of the teachers have a student
load of fewer than 40 students, while 1 in 7 instructs more than 120
mathematics students per day. Almost one-third failed to meet the
new State certification requirement of 18 hours of mathematics.

What are the findings of certain surveys of seccndary mathematics edu-
cation abroad?

The status and innovations in the mathematics program o the
Soviet secondary school was the object of the studies of two investi-
gators (Vogeli—98 and Bolser—12). Syllabuses, textbooks, problem
books, and graduation examinations were analyzed in detail. Three
trends were largely responsible {or changes from 1952 to 1959: (1)

675708 0—63——3




12 ANALYSIS OF RESEARCH 1959 AND 1960

Polytechnism or stress on applications, (2) a trend toward lightening
the pupils’ academic load, (3) desire to modernize or raise the scien-
tific level of their secondary mathematics program.

An extremely detailed and authentic picture of mathematics educa-
tion in the Soviet Union was presented in the Bolser (12) study.
Many sources were studied ranging from Library of Congress mate-
rials to interviews with Soviet educators and officials. Besides the
curriculum, the study describes the training and status of mathematics
teachers.

How well do tests predict?

An experiment in the prediction of success in ninth-grade algebra
and general mathematics indicated that five predictor variables have
significant predictive value for algebra but not for general mathe-
matics. A regression equation was developed to help teachers and
counselors predict success in algebra (Carboneau—18).

The validity of the Orleans Algebra Prognosis Test was investi-
gated (Anderson—5). The criterion being predicted was success on
the State objective test in algebra. The validity coefficient was found
to be as high or higher than can usually be expected for a prognosis
test.

The comparative value of three geometry prognosis tests and an
arithmetic achievement test in predicting success in plane geometry
was studied (Hohman—42). The Lee Test seemed to be the best
predictor, but statistical tests of the significance of the differences
did not confirm this. However, at the 10 percent level of confidence
the Lee Test was a better predictor than the California Mathematics
Test.

A pilot study was made to determine the efficiency of the Iowa
Tests of Educational Development in predicting mathematics grades
of 12th-grade boys. The highest correlation was with algebra and
next with intermediate algebra, both at the .01 level of confidence.
The correlation with geometry was not significant.




Research in the Teaching of
College Mathematics

HE MAJOR EMPHASES in studies on the college level were
on the content of the curriculum, methods of teaching, and the
preparation of teachers. Also, the historical method of research was
an essential tool in several investigations. The questions below, sup-
plemented by some comments, reflect the major issues considered in
these studies.

What should be the nature of the freshman mathematics course for
liberal arts students?

For junior college freshmen one investigator (Besserman—9)
recommended a type of remedial course for students poorly prepared
in mathematics and, for others, a cultural course emphasizing the
nature of mathematics and its role in our civilization. A study
dealing with remedial mathematics in Kansas (Fisher—35) indicated
that a freshinan course in “elementary and intermediate algebra” was
indefensible.

Another investigator (Milligan—67), guided by criteria for content
selection and sequence, found that it was possible to devise a modern
mathematics course for freshmen without rejecting all of traditional
mathematics.

When an integrated course in college algebra, trigonometry, and
analytic geometry was compared with the teaching of these separately
over a period of three quarters during the freshman year, it was found
(Popejoy—15) that there was no difference in the learning of the first
two subjects, but a significant advantage in the learning of analytic
geometry when taught as part of the integrated course.

To what extent is there an emphasis on modern mathematics in the
junior colleges?

In INlinois it was discovered (Litwiller—55) that only brief mention
of modern mathematics was made in junior college courses. The lack
of attention to such mathematics was apparently due to certain gaps
in the preparation of the teachers.

What mathematics is needed for applications?

One study (Wood—102) showed that mathematical analysis, matrix
theory, probability and statistics, and numerical analysis were needed

13




14 ANALYSIS OF RESEARCH 1959 AND 1960

in applications to industry. Very little use was found for various
kinds of geometry.

Is it possible to use more physics in teaching mathematics?

One research study (Grant—37) showed how many physics formu-
las could be selected and used in teaching mathematics topics as far
as the calculus.

Should the concept of sets be used in teaching a first course in probability?

The method of teaching probability via sets (Maletsky—60) did not
have a statistically significant advantage over a traditional method
and one other procedure, when the solving of problems in statistics
and success in statistical inference were used as criteria.

Do student-constructed assignments have a desirable effect on learning?

Students who constructed, worked, and checked assignments in a
freshman mathematics course surpassed another group taught tradi-
tionally (Sister Rose Marian—62), by a statistically significant
amount, in the solving of algebraic problems, critical thinking, and
mastery of algebraic content.

Is there an advantage in teaching solid analytic geometry by means of
vectors?

Although there was a constant margin in favor of the vector method
over the traditional procedure (Pettofrezzo—73), the difference was
not statistically significant.

What are the results of using television in the teaching of mathematics?

A questionnaire evaluation of a course in the teaching of arithinetic,
involving 16 weekly teiecasts as well as other activities, revealed
(Jenni—14) that the respondents were motivated more by the new
medium than by the usual classroom procedure. It seemed unlikely,
however, that the telecasts alone could have produced the understand-
ings attained.

Another study (I.ancaster and Erskine—53) seemed to reveal that
large class instruction surpassed both television and small class meth-
ods in the learning of analytic geometry. However, the difference
between the first two methods wes indecisive in the case of the calculus.

What should be the content and organization of a freshman mathematics
course for engineers?

The conclusion in one study (Horton—43) was that the course
should be organized around the function concept, with certain basic
analytical concepts providing the problem-solving structure.

T P
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What do students beginning a course in the teaching of arithmetic know
about arithmetic?

In a study of 158 prospective elementary school teachers in Illinois,
one investigator (Fulkerson—36) found that performance was poorest
on verbal problems and percentage. The students with more high
school units of mathematical preparation did better on the test than
those with fewer,

Can prospective elementary school teachers come to understand arith-
metic through a short preservice course?

Two studies (Dutton—29 and Pitts—74) produced encouraging
vesults. Many concepts are understood. In the second study over
80 percent of the responses to items on the comprehension of the
structure of the number system were correct. However, the ability to
apply structural properties varied greatly, especially in the case of the
inverse. Dislike for arithmetic, expressed by one-third of the students
in the first study, centered around fear of word problems and a
repugnance toward drill.

Which concepts and processes of mathematics are needed in the prep-
aration of elementary school teachers?

In the opinion of elementary school teachers and experts in mathe-
matics education, concepts needed are from arithmetic, consumer
mathematics, business application, certain geometric concepts, and
graphs, supplemented by selected concepts and processes from modern
mathematics {Carpenter--19).

What is the present preparation of prospective elementary school teachers
in arithmetic in this country?

A nationwide survey (Erst—33) revealed that the majority of ele-
mentary school teachers are not adequately prepared in the content of
mathematics or in methods of teaching mathematics. Content courses
for these future teachers are offered in only one-fourth of the liberal
arts colleges; such a course is usually college algebra, or geometry, or
trigonometry.

Seventy-seven percent of the liberal arts colleges required neither
courses in content nor methods of teaching mathematics. Teachers
colleges, as a whole, gave better preparat ion.

What have been the trends in the education of senior high school mathe-
matics teachers?

One investigator (Schumaker—83) discovered that from 1920 to
1958 the median minimum requirement for teaching majors rose from
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24 to 27 semester hours of mathematics, and from 21 o 24 semester
lLiours in education cowrses. Over the years the mathe.natics courses
showing the greatest gain in popularity were college geometry, mathe-
matics of finance, and elementary statistics. In general, the require-
ments were influenced most by the nature of the secondary school cur-
riculum, very little by national committee reports.

How serious is the shortage of college teachers of mathematics?

Reports on 144 positions available in 1957-58 showed that 25 percent.
of those employed failed to meet the minimuin degree requirements for
the position. Of 79 positions requiring a Ph. D. degree, only 50 were
filled by individuals holding the degree (Keller—i7 and Smith—87).

The sammne investigators also evaluated a special master’s degree pro-
gram designed to use retired armed services personnel for helping to
meet shortages in the teaching of college mathematics. Of 2,562 posi-
tions listed for 1959-61, 1,153, or 45 percent, would be available to
tiiese retired nen.

Did Saccheri’s publications have any influence on the later development
of non-Euclidean geometry?

Aithough most historians had discounted the influence of Saccheri’s
works, such as Fuclides Ab Omni Naevo Vindicatus, one study
(Allegri—2) provided considerable evidence to the contrary.

What contributions did Hilbert make to the evolution of mathematics?

Hilbert, early concerned with the method of models, noncontradic-
tion, and independence in an axiom system, later worked on a simul-
taneous development of logic and mathematics leading to the science
of metamathematics (Kenner—49).

What has been the impact of the development of tests of statistical hy-
potheses on the teaching of statistics in the United States?

The work of Bayes on inverse probability in 1763 was followed much
later by R. A. Fisher’s work involving the making of probability state-
ments about. certain parameters of sampling distributions. In modern
times, after Neyman's and Pearson’s contributions to “best. tests” of
hypotheses, mathematical abstractions have developed to such a point
that those interested in applying the tests have had great difficulties.
In the United States there has been a shift of emphasis from descrip-
tive statistics to statistical inference (Taylor—94).

What can be done to stimulate undergraduate students in mathematics
to show initiative and do creative work?

One investigator (May—63) found honor work, including honor
problems, colloquia, student-faculty collaboration, and publication of
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results, very helpful. It seemed, however, that honor work should be
a supplement to regular courses, and that enrichment, rather than
acceleration, was most. effective.

How can success in college freshman mathematics be predicted?

One investigation {Grehl--38) showed that neither the Q-score of
the American Council on Education nor a mathematics proficiency test
proved their value in predicting the individual’s success in freshman
mathematics. However, the Q-score did just about as well as the
proficiency test.




Summary

Elementary School Level

THE TASK of the teacher of arithmetic is to develop not on'y the

student’s computational ability but also his ability to solve prob-
lems. In harmony with such objectives, several resea-chers tried to
determine the factors that are related to success in problem solving.
Most teachers will agree with tte finding that compreliensive reading
ability is related to problem-solving ability ; however, it is doubtful
if they will agree that intelligence is not a major factor. A profitable
area for investigation may be indicated by the studies that hint that
boys differ from girls in the way they approach problem solving.

The grouping of children was the theme of several research studies:
however, no significant results were reported. The answer to “Is
gronping of children desirable?” may depend on the teacher, objectives
of the grouping, and the children. Perhaps a more important ques-
tion for the teacher is “When and how can grouping be helpful 2

This same type of question about multisensory aids might be investi-
gated rather than a statistical study about. children taught. witl, aids
and children taught withont aids.

Research was concerned with the “best’ method of teaching a pa--
ticular skill or concept. This type of research is not yielding great
returns. Perhaps there is not a best methed for all teacher.: or all
pupils. Successful teachers seem to nse many different metliods, and
there :s evidence *he pupil may not wse the method he is taught.

In several of the experimental programs in arithmetic, nondecimal
systems of numeration are studied. One research study songht to find
relationships between understanding varions systems of numeration
and nnderstanding onr decimal system. Perhaps this area needs
further exploration to auswer the question, “Under what circumstances
and for what pupil is the study of the other systems of numeration
profitable?”

High School Level

Neary half of the studies done at the high school level grew ont of
the ferment in the mathematics enrricnlnm of the past 7 or 8 years.

18
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Some of ihese involved tryouts of new units of content. Others were
concerned about the possibility of teaching some of the traditional
subjects earlier. Ir other studies the learning of mathematics by
students in some of the new programs was compared with the learning
of students in traditional programs.

Other investigations dealt with the influence of attitudes on the
learning of mathematics, the effectiveness of special programs for
the gifted, basic differences between boys and girls in learning
algebra and geometry, what difference small or large classes make, and
the contrasts between the Russian program and ours. Predicting
success in algebra and geometry, comparing methods of teaching the
same topic or subject, and a historical siudy of plane geometry text-
books were other subjects of research.

Briefly stated, new units ca. be taught effectively without harming
the learning of the old units. For students at the same level of ability
algebra can be learned just as well in the eighth grade as in the ninth.
Students can gain a fairly good grasp of what is meant by geometric
proof as early as the seventh grade. It seems highly probable that
even when the teacher variable and the “halo effect” are controlled,
students taught under the SMSG program in grades 7 through 12 do
almost as well with traditional materials and distinctly better in con-
tent extending beyond the conventional.

In addition to the content of the curriculum, there were several
studies emphasizing the attitudes and typical behavioral patterns of
those who were successful, and those who were unsuccessful in learning
mathematics. Some of these findings may be useful in identifying
high-ability students and in counseling them- One university has,
for several years, been concentrating on acquiring information about
sex differences in learning elementary and secondary school mathe-
matics through extensive use of factor analysis applied to large
numbers of students. This cooperative type of research is likely, in the
long run, to yield a larger harvest than scattered. unorganized research
involving small numbers of students. An important sex difference
among high achievers also turned up in a study done at a different
university. It appeared that high-achieving girls are less likely to be
labeled “brains™ than are many of the high-achieving boys.

Some studies seemed to confirm the results of earlier studies. Thus,
teaching percentage in one package as a relation among three variables
gave better results than teaching it by the “three cases.” Students in
large classes, at the upper and lower levels of ability did as well, if
not better, than comparable sets in smaller classes. Of course, limits
have to be put on the meaning of “large” and “small.” Finally,
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attempts to predict achievement on a criterion by multiple correlation

and regression added nothing of significance to what was already
known from past studies.

College Level

What were the distinctive features of research in college-level
problems of mathematics education during 1959-60? What was new?
What seemed significant? Which studies provided further support
for conclusions tentatively established by earlier research? Which
research method seemed to be most frequently used ?

Although it is often difficult to separate clearly studies concerned
with what to teach from those dealing with how to teach, at least five
studies were essentially “content” studies. Four of these investiga-
tions treated the problem of what to teach in freshman mathsmatics
courses. The findings did not seem to reveal any new ideas on this
subject. They did, however, confirm what has been done in the past.
The fifth study, concerned with what should be the mathematical
preparation of prospective elementary teachers, likewise produced no
startling revelations. A comparison of the findings of this study with
the recent recommendations of the Mathematical Association of
America indicates how much needs to be done.

Two curriculum studies have a bearing on the emphasis on “modern
mathematics” in precollege and college courses of study. Despite the
work of the College Entrance Examination Board, the University of
Illinois Committee on School Mathematics, the School Mathematics

.Study Group, and Committee on the Undergraduate Program in

Mathematics, junior college teachers of mathematics in one State
hardly mentioned modern mathematics in their classes. It is im-
portant to know whether this ignoring of modern mathematics is a
general practice in college courses.

Another survey of the uses of mathematics in industry seemed to
imply that there is still ro great demand for the “new mathematics”
in this field.

For our technological world some thinkers and experimenters have
been calling for the coordinated teaching of mathematics and physics.
One dissertation showed how topics from physics might be incor-
porated into the mathematics program as far as the calculus.

Other investigations involved both content and methods of teaching.
The results of teaching probability via sets, and solid analytical
geometry by means of vectors, were just as good as those obtained by
traditional methods. If it had been possibie to conduct the experi-
ments longer, the new approaches might have been significantly better.
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Two studies were concerned with the use of television. It seems
obvious that television cannot be used alone for effective results. The
increased cost per segment of instruction was not reported. Appar-
ently, we still do not know at what point, in terms of number of
students, television “pays off.”

For a long time teachers have wondered whether courses in “inte-
grated mathematics” are any better than compartmentalized teaching
of separate subjects. In a program involving college algebra, trigo-
nometry, and analytic geometry, the integrated course results were
just as good as the compartmentalized ones in college algebra and
trigonometry, and much better than a separate course in analytic
geometry. These findings occurred even when no attempt was made
to find out whether one group of students or the other would be more
successful in solving problems involving the coordinated use of the
three subjects.

The mathematics education of elementary school teachers received
considerable attention in 1959-60. Previous studies had suggested
that these teachers might never come to understand elementary mathe-
matics. Two studies on their ability to comprehend the concepts and
structure of arithmetic gave very optimistic results. Perhaps the
SMSG program for the elementary school is feasible.

On the other hand, another extensive survey made it quite clear
that liberal arts colleges need to reconsider the adequacy of their
programs for preparing future teachers of mathematics in the ele-
mentary school.

The conclusion by Schumaker that mathematical requirements in
the preparation of teachers of senior high school mathematics have
been influenced by the new mathematics programs of the secondary
school is certainly true. It is further confirmed by the report of the
Mathematical Association of America in the publication of high school
mathematics. All one needs to do is to read the report of the associa-
tion on what the preparation of high school teachers of mathematics
should be.

It is interesting to note that, of three historical studies, two were
concerned with men who influenced the development of modern geom-
etry and one with the evolution of modern statistics. It is encourag-
ing to see some movement away from exclusive dependence on
controlled groups and sophisticated statistics in educational research.

On the other hand, a considerable number of studies during this
period made extensive use of polls of expert opinion, responses to
questionnaires, and derivation of criteria from an analysis of the liter-
ature. Too often the result is a mirrorlike onein which the findings
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are a reflection of thestat's quo. Frequently the reports received indi-
cate that the results obtained are not reliable because of the careless
use of techniques.




Recommendations for Future Research

THIS PART of the report is written with a great deal of humility
and with the knowledge that it is much easier to point out weak-
nesses in research than it is to conduct research without weaknesses.
For many of the researchers it was their first introduction to research
in mathematics education; others were under economic pressure to
complete a degree; therefore, perfection is not expected. However,
the .reported research in 1959-60 represents considerable time out of
the lives of many people and the expenditure of money which could
be used for other purposes. The writers would be remiss not to point
out some vital weaknesses that are readily apparent. The neophyte
should either make a small contribution to the solution of a significant
problem, or he should gain experience in techniques and research
design that reflect the best research practice. Even a casual inspection
of the studies shows that few of the researchers experienced either of
these values.

To improve mathematics education research, leaders in the field
must become more critical of both the design and the findings of the
studies. It wcald seem advisable to make an earnest nationwide effort
to upgrade research in mathematics education. The present summary
of research shows that many persons have ~ttacked small problems
of minor importance. Statistical treatment in many cases was not
appropriate for the raw data. Some of the studies were mere compila-
tion of teaching materials which were never published. Such research
makes little, if any, improvement in the teaching of mathematics. In
fact, pardcipation in such activities does not prepare the neophyte
for membership on a team project in mathematics education such as
those being financed by the Federal Government or national
foundations.

The research in mathematics education from the first collection in
1952 to the present collection in 1960 reflect three important needs:

First, crucial problems need to be identified. National leaders in
the field need to identify important problems that may be successfully
solved as part of the requirements for a degree. These problems may
be identified by State groups, national committees, or higher educa-
tion conferences. In any case they must be identified to give direction

to the research.
23
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Second, teams of research workers are needed in attacking many of
the problems. The day has passed when the efforts of a single
researcher makes an impact on mathematics education. The research
of the beginners must be coordinated and cooperative when possible,
as in a project carried on by the Catholic University of America. Sev-
eral of their students have tried to determine factors or patterns in
learning mathematics that exist among girls but not among boys.

Third, the results of the research should be clearly and adequately
r reported. It is difficult for research findings to be implemented unless
the following criteria are met :

1. The problem and subproblems should be clearly stated.

2. The number and characteristics of the subjects of the experiment should
be provided.

The duration of the experiment should be stated.

. The procedure of the experiment or study should be clearly described.
TLe method of sampling should be specified.

. The evaluation instruments should be identified.

N e ook

The findings should be separated from the researcher’s conclusions and
reco:ninendations.

In addition to the accurate reporting of research, the reports must
receive wide distribution. Perhaps a national organizatiion such as
the National Council of Teachers of Mathematics could stimulate bet-
ter research by giving wide publicity to the better studies. Unpub-
lished research has little impact on classroom practice.

The many students and faculty who are working in mathematics
education will increase their impact if (a) crucial problems are
attacked, (b) coordinated efforts are used to solve them, and (c)

research findings, clearly and adequately reported, receive wide
distribution.
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Unanswered Questions in the Teaching of

Mathematics

HE QUESTIONNAIRE used in this study asked the researcher
to list one or two important questions still unanswered. In gen-
eral, these questions were related to the researcher’s study; however,
these questions or problems vary widely both as to significance and as
to type. Each of the following questions was asked or implied by at
least one researcher, and some of the questions were the concern of
several.

1

2.

10.

11.

12.

13.

14.

15.

To what extent do courses in methods of teaching arithmetic contribute
to the improvement of instruction in the subject?

When is the discovery method more effective than the telling method
in the teaching of arithmetic?

. Which type of inservice programs seem most effective for improving

the teaching of mathematics?

. What is the best combination of concrete and abstract mathematics in

an undergraduate mathematics curriculum?

. What are the best ways to stimulate mathematical creativity among

undergraduates and graduate major in mathematics?

. What is the effect of the SMSG junior high school program on the stu-

dent’s later learning of mathematics?

. What are the best ways to measure the ability to reason?

What are the effects of audiovisual methods on the learning of high
school algebra?

. How effective is a vector method in teaching trigonometry or plane

geometery?

Does the teaching of the cdlculus before analytic geometry make the
latter more meaningful ?

How effective are teacher-education curriculums in meeting the needs
of the mathematics teachers in the field ?

Can pupils learn more easily and retain longer certain ideas and topics
in mathematics if they work creatively without a textbook?

To what extent does acceleration influence a student’s future interest and
work in mathematics?

To what extent do concrete or manipulative materials contribute to the
learning of arithmetic?

Should less capable students study the same mathematics as other
students at a slower pace, or be exposed to a different program of
mathematics?

25
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16. In what ways do certain attitudes toward mathematies influence the
learning of mathematics? To what extent can certain of these attitudes
be strengthened or weakened? How?

17. Can eighth-grade students having high mathematical aptitude succeed
as well in a modern ninth-grade course as they can in a traditional one?

18. Do students studying contemporary mathematics in high school do better
in the examina